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min ϕ(yx,s(T )),
ẏx,s(t) = f(yx,s(t), a(t)) ∀t ∈ [s, T ]
yx,s(s) = x, x ∈ IR
n,
a(t) ∈ A
}<ª Y
, ∀t ∈ [s, T ],
yx,s(t) ∈ K ∀t ∈ [s, T ].
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x /∈ K, v(s, x) = +∞
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v(s, x) = inf
a(.)∈A(s,τ ;x)
v(τ, yx,s(τ)), ∀τ ∈]s, T ], ∀x ∈ K,
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−vt(t, x) − min
a∈A
f(x, a).vx(t, x) = 0, (t, x) ∈ [0, T ]×K,
v(T, x) = ϕ(x), x ∈ K.
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IRn, C ⊂ K
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K 6= IRn.
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~<npt4~SYCnghc«}¨ t"+e\lSeygpt©fYCepo j}*epo¨X6~@ Y6X6YgpU<td ¡£tn}4@}v~@gi}"gio¨4Y4npor@fo j@<ª8]©tniYt"4Yn¬>gpU@Y6niYC}v
C}vrl@r}"gio¨t4j<e}"gQY4Ynic^gio¨X6Y
tn = n∆t
9
∆t
SYCo¨j<^giU@Ygpo X6YVegpYC~ :U<}ÁYtj<¨cgit^>Ykftj@YVt4j'}yeX}v 
j<Yo UdSt4npU<tLtf©t¡PgpU<Y8o jLgpYCn¡¯}4Y
Γtn .
¤+YCj<Y}<}v~fg}"gpo Y'nio <fo¨j<orey~<}vnpgporl@r}vni co jLgpYCnpYehgio¨j@o j
t4l@n}4eY4ªI]©tniYt"4Yn¬(ØYl<epY o j@YC}n6qLl<}4dgpniYYekU<o U ~@nit"LorfY} 4tLtfI}Ác gitU<}j<f Y*YC}epo ¨c
}4@}v~@gi}"gio¨4Y^4npor@ek}j<BgitB}U@o Y4Yy}6epo¨4j@o0;S}j4g+ei}ÁYytv¡X8YCX6tnicª
 @}~fgi}vgpo Y8nio <fo¨j<B¡£tnept Lo j@¤\¥L¦ YCqLl<}"gio¨t4j<eyU<}ey}v niYC}@c>YYCjegpl<@o¨Y o j«giU@Y}epYt¡
} tjLgpo jdl@tl<e6"}¨l@Y*¡£l<j<gio¨t4jDª 6Ïj O 8bRõ¬ Pªynpl@j<Y©U<}eUS}vj<f YCgiU@Y adYX6o  }v4ni}j@or}vjIeiU@YCX8Y
git¢et4¨4Y 9 1 :}vj< Y/=d~< }o¨j@Y gpU@YniogiYnio } U@Y«lSeY ¡£tngiU@Y«niY;<j@YCX6YjLg}vjS t4}niepYj@o j@&egpY~Seª
TVU<YCepYBniogiYnio }©}npY<}4eY tj¢}5;=fYC git Yn}vj<Y6¡£tn	giU@YBo jLgpYni~>tr}"gpo tj YCnpnitnªTVU@Y~@npYeYCj<Yt¡
@o eit4j4gio¨jdl@o¨gpo YCeVo j*tl@nkC}epYyX}°YCegiU@YCepY	niogiYnio }8j@t6X6tniY	el<og}v@ Yª
TVU@Y~<}v~>Yn+ore+t4npL}vj@o ?Y}4eV¡£t  t"+eªJ6Ïj«eYgpo tj 8Y	o YgiU@Y	¡£t4npX'l@ }vgpo tj*tv¡(giU@Y[+¨gpn}¦YCY
eiU@YCX8Y}j<eptX6Y6tv¡Vo¨gie	~@nit~>Ynpgpo YCeCªD6Ïj epYCgpo tj 1 ØY6~@niYCepYjLggpU<YB}@}~fgi}vgpo Y'gpYCU<j@o qLl@Y6giU<}"g
Yl<epY}j<Y=f~@r}vo j*gpU@Y8ehgiY~<e\tv¡(gpU@Y~@npt4~StLeYX8YgpU@tf®ª @ o j<}v  co j epYCgio¨t4j ^ ¬SØY4o¨4YeYCYCni}jdl@X6YCnpor}>epo¨X'l@r}"gpo tjSe­o j'fo X8YCj<epo¨t4j<eVtX6o j@¡£nitX tjLgpnitS~@nit@ YXeV}vj<~@nit~<}4}"gio¨j<¡£npt4j4g
~<npt4@¨YCXeª
  `$
#(k %(+
Z\tvgio Y\giU<}"gkkU@YCjYyfY}v:ko¨gpUtj@ c6tj@Yt4j4ginpt4/¬LgiU@Yy¤^¥4¦ YqLl<}"gio¨t4j 9 1 :P>YCtX6YCeV}gpn}vj<ep~>tnpg
YqLl<}"gio¨t4jDª+¤+YCj<Y'ØYko   ;<neg\~@niYCepYjLg+gpU<Y'[+¨gpn}¦YCYepU<YX6Yo j©gpU@oreyeo X6~@¨Y8}4eYo j«t4j@Yep~<}Y
@o¨X6YjSeo tj 9
n = 1
:ª
 ! #"%$'&)(+*, .-0/21435"6-#78*9$
Yg
f : IR → IR
>Y Do ~<eiU@og'?}vj<St4l@j<fY}j<
u0 : IR → IR
>Y t"ØYCnyepYX6oPt4jLgpo jLl<tl<eCª  Y
tj<eporfYngpU<Ygpn}vj<ep~St4ngk~@nit<¨YCX57
{
ut(t, x) + f(x)ux(t, x) = 0, x ∈ IR, t ≥ 0,
u(0, x) = u0(x), x ∈ IR.
9 :
ð ã ÕDð æ
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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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	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(*)'!	%+!(,-%+!./(0/& 
6Ïj }v giU@YeYqLl@Y2¬:ØY8ko¨ (l<epYgpU<Y'¡£t4¨ t"ko j@Bj@tgi}"gio¨t4j<e87
∆t
fYj<tvgpYe^gpU@Y'gpo X6Y8egpYC~D¬
∆x
ore^gpU@Y
ep~<}4Y	ehgiY~tv¡Q}8npYCl@r}vnVnior
G
tv¡
IR
}vj<
νj
o ekgpU@Y	 tf}v{ @  jdl@X>Yn^}"g+YC¨ Mj fY/;<j@YCdc-7
νj :=
f(xj)∆t
∆x
.
{Øt4j<epo fYCngpU@Y¡£t4¨ t"ko¨j<6eiU@YCX8Yt¡ ;<j@o¨gpY	4t l@X6YCeghcd~>Y7



Un+1j − U
n
j
∆t
+ f(xj)
Un,L
j+ 12
− Un,R
j− 12
∆x
= 0, ∀j ∈ Z , ∀n ∈ IN,
U0j =
1
∆x
∫
Mj
u0(x)dx, ∀j ∈ Z .
9 `K:
kU<YniY
xj
oreQgiU@Y\X6or@f Y\~>to j4gØtv¡YC¨
Mj = [xj− 12 , xj+
1
2
]
¬
Unj
ore­}j}v~@~<npt=fo X6}vgpo tj8tv¡:gpU<Y\X6YC}j
"}¨l@Y 1
∆x
∫
Mj
u(tn, x)dx
tv¡
u
t4j YC¨
Mj
}vg
tn,
}j<
Un,L
j+ 12
, Un,R
j+ 12
}vniY <lZ=fYCeyniYCep~SYgio¨4Y ct4j
giU@Y	 Y¡ g\}vjSt4jgiU@Y	nio¨4U4gVtv¡gpU<Y	o¨jLgpYCn¡¯}4Ytv¡(YC¨re
Mj
}vj<
Mj+1
}vgkgpo X8Y
tn.
@ tnVgiU@Y[+¨gpn}¦YYeiU@YX6Y¬@gpU@YeY <lZ=fYe+}vniYy@Y;<j@Yo¨jgpU<Y¡£t ¨t"ko j@8}Ác4ª
 6Ïj8gpU@Yk}4eYVkU@YCjgiU@YkYC¨tfoghc f(.) ≡ f o eQ}y~>t4epogio¨4YktjSehg}vjLgC¬ÁgiU@Y <lZ=fYCe Un,L
j+ 12
}j<
Un,R
j+ 12t4o¨j<o @Y}vj<ØYU<}Á4Y
Un,L
j+ 12
= Un,R
j+ 12
=: Un
j+ 12
.
TVU@YeiU@YX6Y>YCt4X6YCe87
Un+1j − U
n
j
∆t
+ f(xj)
Un
j+ 12
− Un
j− 12
∆x
= 0.
TVU@Y+[+¨gpn}¦YCYVeiU@YCX8Y4¬}eQ@Y;<j@Y8o¨j O Rõ¬oreQ}ft"kjdko¨j<8U@t4o Yt¡SgiU@Y <lZ=fYe(l@j<fYCn­et4X6Y
ehg}v@o  oghct4j<fo¨gpo tj<eCªQTVU@oreØU@t4o Y\niY~@r}YCePgpU@Yr}eieor}S[\~Lko j< <lZ=kU@orUoreØegi}@¨Y^@lfg
forepepo¨~S}"gpo Y4ª\]©t4npY~<npYoreYC¨c4¬@gpU<Y <lZ=
Un
j+ 12
ore+4o¨4Yj©dc©et4¨do j@6gpU<YX6o¨j<o¨X6o ?C}"gio¨t4j«~@nit 
¨YCX 7
min
b
n,+
j
≤U≤Bn,+
j
|U − Unj+1|
kU@YniY
bn,+j
}vj<
Bn,+j
}vniY	fY;Sj@YCdc
7
bn,+j =
1
νj
(Unj − max(U
n
j , U
n
j−1)) + max(U
n
j , U
n
j−1),
Bn,+j =
1
νj
(Unj − min(U
n
j , U
n
j−1)) + min(U
n
j , U
n
j−1).
6õgk¡£t ¨t"+egiU<}"g
Un
j+ 12
= min(max(Unj+1, b
n,+
j ), B
n,+
j ).
9 :
 6ÏjgiU@Y}4eYykU@YCj f o eVt¡U<}j@o j@'epo jD¬dgiU@Y  (U	%+8[H,/
/%+(U"/)/ 9 [\¦ 8 :O RDo efY;Sj@YC*}e¡£t4¨ t"+e
9 },:o¨¡
νj > 0
¬
Un,L
j+ 12
= min(max(Unj+1, b
n,+
j ), B
n,+
j )
}4eV~@nit~>t4epYCo¨j 9 :ª
ÕÕ Çe<ÔÓÓÙ
`   (U"/% [T!
! 	I
 VHK)' S 
K K 
9 
:o¨¡
νj < 0
¬ Y fY/;<j@Y ecdX6Yginpor}¨ c
Un,R
j− 12
= min(max(Unj−1, b
n,−
j ), B
n,−
j )
ko¨gpU
bn,−j =
1
|νj |
(Unj − max(U
n
j , U
n
j+1)) + max(U
n
j , U
n
j+1)
¬S}vj<
Bn,−j =
1
|νj |
(Unj − min(U
n
j , U
n
j+1)) + min(U
n
j , U
n
j+1).9 ":o¨¡
νj ≤ 0
}vj<
νj+1 ≥ 0
¬
Un,L
j+ 12
= Unj , U
n,R
j+ 12
= Unj+1.9  :o¨¡
νjνj+1 > 0, U
n,R
j+ 12
= Un,L
j+ 12
9 o¨¡
νj > 0
:t4n
Un,L
j+ 12
= Un,R
j+ 12
9 o¨¡
νj+1 < 0
:ª
 U@YCjgpU@Y	4Y tdoghco ektj<egi}j4g¬@}vj<l@jSfYnVgiU@Y'{ @ &tjSfogio¨t4jD¬
|νj | ≤ 1 ∀j ∈ Z ,
9 QK:
t4j@Y\o jLgpYCnpYehgio¨j@'~@nit~>Ynpghc8t¡DgpU<Yy[\gini}4¦ØYCY^eiU@YX6Y^o eV}vjY=@}gV}4fYgpo tj O ¬@TVU@Yt4npYCX 1 RS¡£t4n}
 }4epet¡(egpYC~¡£l<j<gio¨t4j<ekfY;Sj@YCdc-7
∃k0 ∈ [0, 1[
epl<UgpU<}vg
∀j ∈ Z ,
U03j+1 = U
0
3j , U
0
3j+2 = k
0U03j+1 + (1 − k
0)U03j+3.
9 bK:
  =f}4g+}@YCgpo tjX6YC}vjSegpU<}vgkgpU@YtX6~@lfgiYC"}v l@Y
Unj
oregpU<Y	Y=@}gVX6Y}vjÁ}¨l<Y¬
Unj =
1
∆x
∫
Mj
u(tn, x)dx,
kU<YniY
u
o e\gpU<Y'Y/=f}4g	et4¨l@gpo tj«t¡PgpU@Y6}@YCgpo tj«~<npt4@¨YCX*ª @ tn^gpU@Y6t4jdYniYCj<Y~@nptdt¡¯e\t¡PgpU@Y[\gini}4¦YY	epU<YX6Y¬fYnpY¡£YnVgpt O v¬>"R2ª
Z\t" l<eo j@©giU@Y*e~@ o¨ggpo j@ gpYCU<j@o qLl@Y4¬QØYfY;Sj@YBgiU@Y[^¦§eiU@YCX8Y¡£tn6vx ~@npt4@ YXeª DYg
G>Y}BniY4l@ }n^4npor«o j
IR2.
 YfYCj@tvgiY'dc
Mj,k
}Y (tv¡
G
kogiU YjLgpYCn
(x1j , x
2
k)
}vj< X8YeU eo ?Y
(∆x1, ∆x2),
gpU@YYC¨tfo¨ghc
f = (f1, f2).
 Y Y=f~@r}vo j o j gpU<Y«¡£t  t"ko¨j@ giU@Y TnitvgpgpYne~<¨o¨ggio¨j@
giYCU@j<o qLl@Y©kU@orU t4j<epo egieo j Y4t do¨j@&fl<npo j@¢}¢egpYC~ t¡gpo X8Y o¨j giU@Y
x1
Ïfo¨niYCgpo tj }vjSIgiU@Yj
@l@npo j@}vj<tvgpU<YnkehgiY~*tv¡gpo X6Y	o¨jgiU@Y
x2
õfo niYCgio¨t4jM7



Un+1,1j,k − U
n
j,k
∆t
+ f1(x
1
j , x
2
k)
Un,L
j+ 12 ,k
− Un,R
j− 12 ,k
∆x1
= 0, ∀j, k ∈ Z , ∀n ∈ IN,
Un+1j,k − U
n+1,1
j,k
∆t
+ f2(x
1
j , x
2
k)
Un,L
j,k+ 12
− Un,R
j,k− 12
∆x2
= 0, ∀j, k ∈ Z , ∀n ∈ IN,
U0j,k =
1
∆x1∆x2
∫
Mj,k
u0(x
1, x2)dx1dx2, ∀j, k ∈ Z .
9 CK:
¤\YniYgpU@Y  SlZ=fYCe
(Un,L
j+ 12 ,k
)j
}vjS
(Un,R
j− 12 ,k
)j
}vniYniYCep~>YCgio¨4Y c gpU@Y ¨Y¡ g}vj< nio¨4U4gB[^¦ 8  <lZ=fYCe
@Y;<j@YBl<epo j@giU@Y
(Unj,k)j∈Z
ko¨gpU*}vjYt4¨l@gpo tjt4j@ c8o jgpU@Y
x1
õ@o¨niYCgpo tjBko¨gpUYC¨tfo¨ghc
f1.
TVU@Y
 SlZ=fYCe
(Un,L
j,k+ 12
)k
}j<
(Un,R
j,k− 12
)k
}npY^gpU@Y[^¦    <lZ=fYCek@Y;<j@Yl<eo j@8gpU<Y
(Un+1,1j,k )k∈Z
ko¨gpU©}j
YCt4¨lfgio¨t4jtfl@nio¨j@6t4j@¨co¨jgpU<Y
x2
õfo niYCgio¨t4jko¨gpU*YC¨tfoghc
f2.TVU<YyniYCept lfgio¨t4jl<epo j@8gpU@ore+ep~@¨o¨ggio¨j<6gpYCU<j@o qLl@Yore+egi}v<¨Yl@j<@YnVgpU<Y'{ @ &tj<@ogio¨t4jD¬
max(|
f1(x
1
j , x
2
k)∆t
∆x1
|, |
f2(x
1
j , x
2
k)∆t
∆x2
|) ≤ 1, ∀(j, k) ∈ Z 2.
9 ":
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¤\YniY¬fY	}vniYegpo  Do¨j*fo X6Yj<epo¨t4j ª @ o¨nehg¬@Ytj<eporfYnVgiU@Y	eo X6~@¨YUS}vj@4Yyt¡"}vnior}v@ Y¬
v̂(t, x) = v(T − t, x), ∀t ∈ [0, T ], ∀x ∈ IR.
TVU<YjgpU@Y¡£l@jSgpo tj
v̂
ei}"gio eA;<YCe
{
v̂t(t, x) − min
a∈A
f(x, a).v̂x(t, x) = 0, ∀(t, x) ∈ [0, T ]×K,
v̂(0, x) = ϕ(x), ∀x ∈ K.
9 :
TVU<Y^}v~<~@¨or}vgpo tjt¡[\¦   gitgpU<Y^¤\¥L¦ YCqLl<}vgpo tj 9 Á:­tjSeorehge¬4tj}npYCl@r}vnP4npor
G
tv¡
K
¬do¨jgpU@Y
¡£t4¨ t"ko j@8egpYC~<e 9 [\¦ õ¤^¥4¦ :7
 aLgpYC~ 7  YtX6~@l@gpYygpU@Y@o einiYgiYyo j@o¨gpor}vtj<@ogio¨t4j
V 0j =
1
∆x
∫
Mj
ϕ(x)dx, ∀j ∈ J := {j ∈ Z , Mj ∈ G}.
 aLgpYC~«Z7  Yfo einiYgio0?CYygpU@YepYgktv¡Qt4jLgpnitre A o j4git Na t4j4ginpt4 eC¬ a1, a2, ..., aNa .
 aLgpYC~ 1 7 @ t4n n ≥ 1, °dj@t"ko j@'gpU@Y}~@~@nit=do X}"gio¨t4j (V nj )j∈J
t¡
v̂(tn, .)
  Yt4X6~@lfgpY4¬f¡£tnkY}U i = 1...Na, (Un+1j (ai))j∈J
4o¨4YjLcBgpU@Y[^¦ 8 epU@YCX6Y7



Un+1j (ai) = U
n
j (ai) −
f(xj , ai)∆t
∆x
(Un,L
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 aLgpYC~fª ^ 7 @ tn l = Lmax, · · · , 2 ¬>ftB}BtneYCj@o¨j<6egpYC~*¡£t ¨t"ko j@8gpU<Y'ei}vX6Y	o @YC}}e+o¨j aLgiY~ª ^ ª 6õ¡gpU@YCnpY	oreVj@ttL}vneYCj@o¨j<git6@t<¬fgiU@Yj©epYg
l = 1
¬S}vj<t8gptBaLgiY~«fªÆfª
 aLgpYC~ fªÆ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{
v̂t(t, x) + ||∇v̂(t, x)|| + (−x2, x1)t.∇v̂(t, x) = 0, ∀t ∈ [0, T ], ∀x = (x1, x2) ∈ K,
v̂(0, x) = ϕ(x), ∀x ∈ K.
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{
v̂t(t, x) − mina∈A f(x, a).∇v̂(t, x) = 0, ∀t ∈ [0, T ], ∀x ∈ K,
v̂(0, x) = ϕ(x), ∀x ∈ K,
kU<YniY^giU@YepYgktv¡Qt4j4ginpt4 eore
A = [0, 2π],
}j<gpU@Yfcdj<}X6o CeVo eV4o¨4YjLc-7
f(x, a) = (x2 − cos(a),−x1 − sin(a))
t, ∀x ∈ IR2, ∀a ∈ A.
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ð ã ÕDð æ
 
			 		 !"$#!%&!'
	(*)'!	%+!(,-%+!./(0/&  1
ynio 
Lmax L
1 YCnpnitn   YC¨re 4}vo j
}4@}v~fg ` Q@ª Q    1  ^^ 8`<ªÆQ
npYC ` Q@ª Q    1 ^ Kb` 
}4@}v~fg  fª `L   1  ^  b<ª bL
npYC  fª `L   1 8` 1 Q ^ 
}4@}v~fg Q ^    1 Q b<ª¨ ^
npYC Q ^    1 `44 1 ` 
}4@}v~fg b 1    1 8b 1 b  1 @ª¨"b4
npYC b 1    1 `4@ ^K^ 
}4@}v~fg C fª ^ `   1 1 b ^  `K`@ª  ^
npYC C  C ^ Q4L` 
T}v@ Y67,}vo jnpYC }vgpo Yygpt6YC}4UniY;Sj@YX6YjLgk YYCD}"g\T   <ª¨4ª
T}v@ Y8^epl@X6X8YCnpo ?YePgiU@Yy4}vo jY^t4fgi}o¨jBo jBgiYniXe­t¡jdl@X>Yntv¡Y  ekU@YCjBØY}v~<~@¨c}4@}v~ 
g}"gio¨t4j&Lc t4X8~S}vnio eptjgpt }j&YCqLl@o "}v YjLgnpYCl@r}vnnio ®ª  Y}j&j@tvgio Y6gpU<}vgC¬Q}e	Y/=f~SYgpY®¬(ØY
t4fgi}o¨jY/=@}gi¨c'gpU<Y^ei}vX6Y+YninitnPt4jB}vj}4@}v~fg}"gio¨4Yknio }j<6tj}npYCl@r}vnPt4j@Yª(Z+tgporY\gpU<}vgØkU@YCj
Yyo¨j<npY}epY+giU@YnpY/;<j@YX6YCj4gV YYC:Lc©4¬LgpU@Y4}o¨jo eVX'l@gio¨~<¨o YCdc}j<giU@YYninpt4n­oreØX'l@¨gpo ~@¨o YC
dc 2
3
ªPTVU<o e­npY  <YCgieØt~fgio¨X6o ?C}"gio¨t4jo¨jBgpU@YyX}vj<}YX6YCj4gØtv¡YC¨reCª  YyC}vjB} eptj@tgporY^}vg
T = 0.11giU<}"gkU<Yj ØY;=
Lmax = 10
ØY6U<}j<f YB}v X6t4eg ^ 4YC¨re	t4j }j }4@}v~@gi}"gio¨4Y'4npor®¬}4eXl<U
Y  ek}4eko¨¡Y	fo ©C}vrl@r}"gio¨t4j<etj©}8npYCl@r}vnV4nportninpYe~>tjSfo¨j<git
Lmax = 6.
¤+YCj<Y	kU@YCj*ØY
}4@}v~@g\gpU<Y'4npor©Yo X8~<npt"4Y	gpU@Y8~@niYCo epo¨t4j 1 gio¨X6Ye^ko¨gpU<tlfg	e~>YjSfo¨j<}jLc©}4@fo¨gpo tj<}X6YX6t4npc
t4egCª @ tn^npY/;<j@YX6YCj4g^¨YCYre+<o¨4Yn\gpU<}j&C<¬So¨g^ore\j<tBX6tniY~StLepepo @¨YgptUS}vj<f Y'C}vrl@r}"gio¨t4j<ekt4j}niYl< }n\nior®ª¤+YCj<Y8Y8C}vj j<tvgU<}ÁY'SYggpYCn	~@niYCorepo¨t4j«tj }niY4l@ }n^4nporc7kgiU@orenpY  <YCgie^gpU@Y
L}vo jt¡~@niYCo epo tj*}U@o Y4YCBdcgiU@Y	l<epY	tv¡gpU@Y}4@}v~fg}"gio¨4Yy}¨4tniogiU@X*ª
@ tnVgiU@YX6tX6YjLg+Y	U<}ÁYt4j@¨ct4X8~S}vn}v@ Y	{ØsØ[ gpo X6YCek¡£t4nkStgpU©X6YgiU@tf@eC¬fgpU@YnpY}eptjo eVgiU<}"ggiU@Y~<npt4n}vX ¡£t4n\U<}j<f o¨j@}vj«}<}v~fg}"gpo Y	X6YeU@o j@Bore^j@tvg\t4~fgpo X6o0?CYC®¬>kU@o ¨Y8}vj©t4~fgpo X6o0?CYC*YCn 
epo tjore­l<epYCB¡£tn­gpU@YynpYCl@r}vn­X8YeUtX6~@l@gi}"gio¨t4jDª 6ÏX6~@npt"4YX6YjLg­t¡®gpU@Yy}@}~fgi}vgpo Y\tX6~@lfg}"gio¨t4j
oreVo j~<npt4niYCeieª
     ²    C}v~fgil@npY<}4eo j*~@nit@ YX 9 >YniX6Y t'~<npt4@¨YCX :
Yg
K := [−6, 2] × [−2, 2]
}j<
C := B(c0, r)
ko¨gpU
c0 = (0, 0)
}vj<
r = 0.44.
 YBfY;Sj@YgpU<Y
@cLjS}vX6o Ce
f : IR2 ×A → IR2,
f(x, a, θ) = (1 − βx22 + a cos(θ), a sin(θ)),
kU<YniY^giU@Yt4j<egi}vjLg
β = 0.1
¬d}j<
A
@Yj@tgpYCegiU@YepYg
[0, 0.44]× [0, 2π[
ª
z^l@n'}vo X`ore	gpt«}~@~@nit=fo¨X}"giYgiU@YC}v~fgil@npYS}epo¨j tv¡
C
kU<o U oregpU@Yel@SeYgtv¡ko¨j<ogio }­ehg}"giYCe
x ∈ K
¡£tnkU@orUY/=doregieV}vj}4fX6o eiepo¨@ YtjLginpt4
(a, θ) ∈ L∞([0, +∞[;A)
}vjSB} ;Sj@ogiY\gio¨X6Y
t ≥ 0epl<U giU<}"ggiU@YBgini}vuhYCgptnic
yx,0(.)
Y4t Lo j@*ko¨gpU&giU@Yfcdj<}X6o Ce
f
l<j<fYn
(a, θ)
¨o Yeo j
K
}j<
niYC}4U@YCe
C
}vgVgpo X8Y
t :
{}~fg
f (C) := {x ∈ K, ∃t ≥ 0, ∃(a, θ) ∈ L
∞(IR+;A), yx,0(τ) ∈ K ∀τ ∈ [0, t], yx,0(t) ∈ C}.
ÕÕ Çe<ÔÓÓÙ
 ^   (U"/% [T!
! 	I
 VHK)' S 
K K 
 Yt4j<epo fYCngpU@YC}v~fgil@npY<}4eo jtv¡
C
SY¡£tniY^gio¨X6Y
T
7
{}~fg
f (T, C) := {x ∈ K, ∃t ∈ [0, T ], ∃(a, θ) ∈ L
∞([0, T ];A), yx,0(.) ∈ K, yx,0(t) ∈ C}.
6õgVore¨Y}vnØgpU<}vg
T 7→
{}~fg
f (T, C)
oreØo j<npY}epo¨j@¡£tnVo¨jS l<eo tjª(]«tniYt"YCnC¬ØY}j~@nit"Y O `R:giU<}"g
limT→+∞
{}~fg
f (T, C) =
{}v~fg
f (C).
Yg+l<e+epYg
ϕ(x) = 0
o¡
x ∈ C,
}j<
1
tgpU@YCnpkoreY4¬
}j<tjSeorfYnVgiU@YepYg õ"}v l@YCX}v~*fY;Sj@YCdc
Λ(x) =



0
o¨¡
x ∈
◦
C,
[0, 1]
o¨¡
x ∈ ∂C,
{1}
o¨¡
x ∈ K \ C.
Yg
vT
>YgpU@Y	"}¨l@Yy¡£l@jSgpo tj*t¡giU@Y¡£t ¨t"ko j@6t4j4ginpt4:~@npt4@ YX 7
min{ϕ(yx,s(T )),
ẏx,s(t) = λ(t)f(yx,s(t), a(t), θ(t)), yx,s(s) = x,
(a(t), θ(t)) ∈ A & λ(t) ∈ Λ(yx,s(t))
¡£tn+}<ª Y4ª
t ∈ (0, T ),
yx,s(t) ∈ K ∀t ∈ [0, T ].
 Y8l<eY'gpU<Y8 }4epepo C}vU<}vj@4Yt¡PÁ}npor}v<¨YK7
v̂(t, x) = vT (T − t, x), ∀t ∈ [0, T ], ∀x ∈ K.
TVU@Yj¬
¡£t4¨ t"ko j@PO `Rõ¬@YU<}ÁYK7
{}v~@g
f (T, C) = {x ∈ K, vT (0, x) = 0} = {x ∈ K, v̂(T, x) = 0}.
TVU<Yj }e8o¨j O `Rõ¬Øo jt4ni@Yn8gpt&}v~<~@npt=fo X}"gpY©{}v~fg
f (C)
¬­Y©tX6~@l@gpY©}vj }v~@~<npt=fo X6}vgpo tj
V n
t¡
v̂(tn, ·)
¬@ko¨gpU
tn := n∆t
¬f¡£t4n
n
r}vniYyYj<tl@4U}j<ei}"gio e¡£cdo¨j<'giU@Yegpt~<~@o¨j<'giYCeg
||V n − V n−1||L1 :=
∑
j
∆x1min∆x
2
min|V
n
j − V
n−1
j | ≤ 10
−4.
9 :
6Ïj<;<l<npYf¬DY6eU@t" gpU@Y6n}v~<U@o Ce\Y8tfg}vo j ¡£t4nyX}=do X}v( YYC(tv¡ØniY;Sj@YX6YjLg
Lmax = 69 ;<l<npY 9 }K:+:}vj<
Lmax = 7
9 ;<l<npYB 9  :+:ª6ÏjgpU@Y4ni}~@U@oreC¬:gpU@Y6@r}°o ni¨Y8o eygiU@Y>tnfYn
t¡(gpU@Ygi}vniYg
C
ª  Y'o Y	o j©gpU@Y¡£t ¨t"ko j@6g}v@ YgiU@YL}vo jt4fgi}o¨j<YC*¡£t4n+YC}4U©npY/;<j@YX6YCj4g^¨YCY2¬
giU@Y*ehgit~@~@o j@©gio¨X6Y 9 o2ª Ygpo X6Y¡£t4n'kU<o U&giU@Y*ehgit~@~@o j@ gpYCeg 9 K:	ore¡£l<\;<  YC:8}vjS gpU@Y"}v l@Yt¡
giU@YniYCeporfl<}v
||V n − V n−1||L1 .
Z+tvgio YgiU<}"gykU@Yj©Yo j<niYC}4eY	giU@YniY;<j<YX6YjLg^ Y4Y
Lmax,
gpU@Y
~<npYoreo tjnpYq4l<o¨niYCo¨j giU@YBehgit~@~<o¨j@giYCego e	niYC}4U@YC«¡¯}egpYCnCª @ tn	Y=@}X8~<¨Y4¬ko¨gpU Lmax = 7 ØYt4fgi}o¨j }tdtfept lfgio¨t4jt4j giU@YB}@}~fgi}vgpo Y8nio  }"g
T = 7.187
l<eo j@ b44Y  eC¬DkU@YCnpY}eyko¨gpU
Lmax = 5
¬LgiU@Y	ehgit~@~@o j@'gpYehgkore¡£l@\;S¨ YCtj@ cB}"¡ giYn
T = 26.125
}j<giU@Y	tniniYCep~St4j<fo j@niY4l@ }n
4nportjLgi}o¨j<eØCL ^ Y reª¤+YjSYk}@}~fgi}vgpo YØnio @@o¨j@y}v ¨t"+ej@tgt4j@¨cgit^US}ÁYØ}\SYggiYnQ~@niYCo epo¨t4j
lSeo j@'}¨X6tLehggpU@Yei}vX6Y^jdl@X'SYCnØt¡YC¨re@lfg+}vreptgpt8U<}j<f Y^ YCeieØC}vrl@r}"gio¨t4j<e}vj<Bgpt6ep}Á4Ykgpo X6Yª
ð ã ÕDð æ
 
			 		 !"$#!%&!'
	(*)'!	%+!(,-%+!./(0/& Á
-6 -5 -4 -3 -2 -1 0 1 2
-2.0
-1.6
-1.2
-0.8
-0.4
0.0
0.4
0.8
1.2
1.6
2.0
+
+
-6 -5 -4 -3 -2 -1 0 1 2
-2.0
-1.6
-1.2
-0.8
-0.4
0.0
0.4
0.8
1.2
1.6
2.0
+
+
9 }K:
Lmax
  `@¬
T = 12.96
¬  Y  e  ^ Q 9  :
Lmax
  d¬
T = 7.18
¬  Y  e   b44
@ o¨4l@niY	7­{}v~fgil@npY<}4eo jtv¡Q}:YniX8YC¨t6~@nit<¨YCXª
ynio 
Lmax
  Y  e L}vo j ehgit~@~@o j@8gpo X6Y
||V n − V n−1||L1}<}v~fg   1  ^ ª ^  `@ª 4 1 ª Qb   h
npYC  4 ^  `@ª 4 1 ª Qb   h
}<}v~fg ` ^ Q Q@ªÆ` Áfª b` ª Q4   VQ
npYC ` ^ bK`  Áfª b` ª Q4   VQ
}<}v~fg  bL Áfª @ fª¨"QL fª 1 Q   Ï
npYC  "` 1 Q ^  fª¨"QL fª 1 Q   Ï
T}v<¨YVZ72}vo jniYr}"gio¨4Y(gptyYC}4U	npY/;<j@YX6YCj4g¨YCYC4ko¨gpU	giU@YÁ}¨l<Y­tv¡fgiU@YnpYeorfl<}4}vjSgpU@Yehgit~@~<o¨j@
gio¨X6Y4ª
ÕÕ Çe<ÔÓÓÙ
"`   (U"/% [T!
! 	I
 VHK)' S 
K K 
     ²    do }@o ¨o¨ghcB°YCnpj<Y:~@nit@ YX 9 t4j<el<X8~@gpo tj*~@nit@ YX :
Yg
K = [0, 2]× [0, 3], A = [− 12 ,
1
2 ]
}vj<
f(x, a) = (x1 − x2, a), ∀x ∈ IR
2, ∀a ∈ A. Y	fY;<j<Y\giU@Y^dor}v@o  oghc6°YCnpj<Y:}eietfor}"giYC6git
K
}4ePgiU@Y	eYgØt¡o¨j<ogio }:egi}vgpYe
x ∈ K
epl<UBgiU<}"g
Y/=fo egieP}	tjLgpnit
a ∈ L∞(IR+;A)
}vjS}ygpn}"uhYCgpt4npc
yx,0(.)
9 YCt4¨do j@l@j<fYCnPgpU<Y\t4j4ginpt4
a
:QkU@o U
j<YYCnV¨Y}ÁYCe
K,
_\or}v
(K) := {x ∈ K, ∃a ∈ L∞(IR+;A), yx,0(t) ∈ K ∀t ≥ 0}.
 YfY/;<j@Y}vrept
_^o }
(T,K) := {x ∈ K, ∃a ∈ L∞([0, T ],A), yx,0(t) ∈ K ∀t ∈ [0, T ]}.
Yg
ϕ(x) = 0
o¨¡
x ∈ K,
}j<
1
tgpU@YCnpkoreY
.
{ØtjSeorfYnBgpU@YÁ}¨l<Y©¡£l@j<gpo tj
vT
t¡	gpU@Y tjLgpnit
~<npt4@¨YCX 9 :V}eietfo }vgpYCBgpt8gpU<Yfcdj<}vX6ore
f,
giU@YF;<j<}Dt4eg
ϕ
}vjSgiU@YepYg
K.Yg
v̂(t, x) = vT (T − t, x)
ª @ nitX O `Rõ¬­YUS}ÁY7 _\or}v (T,K) = {x ∈ K, v̂(T, x) = 0},}j<_\or}v
(T,K) −→T→+∞
_^o }
(K).
 e	o j gpU@Y~@npYCdo¨t4l<eY=@}vX6~@ Y¬o¨j t4nifYCngpt«}~@~@nit=do X}"giY
_^o }
(K)
¬QYBt4X6~@lfgpY}vj¢}~@~@nit=do X}"gio¨t4j
V n
tv¡
v̂(tn, ·)
¡£t4n
n
ep}vgporeh¡£cdo j@*gpU<Yei}vX6YBehgit~@~<o¨j@
giYCeg 9 Á:ª
 Y^epU@t"gpU@Y+4ni}~@U@ore(Y+t@gi}vo j6¡£tn­X6}=fo¨X}v<¨YCY
Lmax = 5
9 ;<l<npYT` 9 }K:+:P}vjS
Lmax = 69 ;<l<npY ` 9  :+:ª 6Ïj¢gpU@YeY ;<l@niYCeC¬gpU@YkU@o¨gpY o j@YBoregiU@Y>tnfYn'tv¡VgpU<YY/=f}4gdor}v@o  oghc °YCnpj@YC/ª
¤\YniY¬dgiU@YeYg+tv¡(tjLginpt4 e
A
o ekforeiniYgpo ?Yo¨jLgpt
Na = 2
tjLginpt4 e 9
a ∈ {− 12 ,
1
2}
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H(x, p) = −min
a∈A
f(x, a).p, ∀(x, p) ∈ K × IRn.
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−vt(t, x) + H(x, vx(t, x)) = 0, (t, x) ∈]0, T [×K,
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φ ∈ C1([0, T ] × K)
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(t0, x0)
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]0, T [×K
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u − φ
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−φt(t0, x0) + H(x0, φx(t0, x0)) ≤ 0.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u − φ
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−φt(t0, x0) + H(x0, φx(t0, x0)) ≥ 0.
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(t0, x0) ∈ (0, T ) × K
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D+u(t0, x0) :=
{
p ∈ IRn+1,
lim sup
(t,x)→(t0,x0)
(t,x)∈[0,T ]×K
u(t, x) − u(t0, x0) − p.(t − t0, x − x0)
|(t − t0, x − x0)|
≤ 0
}
,
D−u(t0, x0) :=
{
p ∈ IRn+1,
lim inf
(t,x)→(t0,x0)
(t,x)∈[0,T ]×K
u(t, x) − u(t0, x0) − p.(t − t0, x − x0)
|(t − t0, x − x0)|
≥ 0
}
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∀(t, x) ∈]0, T [×K, ∀(pt, px) ∈ D
+u(t, x), −pt + H(x, px) ≤ 0.
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∀(t, x) ∈]0, T [×K, ∀(pt, px) ∈ D
−u(t, x), −pt + H(x, px) ≥ 0.
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∀(t, x) ∈]0, T [×K, ∀(pt, px) ∈ D
−u(t, x), −pt + H(x, px) = 0.
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v∗(t, x) = lim inf(t′,x′)→(t,x)v(t
′, x′),
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lim inf(t′,x′)→(T,x)v∗(t
′, x′) = ϕ(x), ∀x ∈ IRn.
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∃ν > 0, ∀x ∈ ∂K, ∃a ∈ A, f(x, a).η(x) ≤ −ν,
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A(x) 6= ∅, ∀x ∈ ∂K,
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A(x) = {a ∈ A, ∃r > 0, yξ,0(t) ∈ K ∀ξ ∈ B(x, r)∩K, t ∈ [0, r]}.
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∀(t, x), u∗(t, x) = lim sup(t′,x′)→(t,x)u(t
′, x′),
∀(t, x), u∗(t, x) = lim inf(t′,x′)→(t,x)u(t
′, x′).
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Hin(x, p) = − min
a∈A(x)
f(x, a).p, ∀(x, p) ∈ K × IRn.
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−(u∗)t(t, x) + Hin(t, x, (u
∗)x(t, x)) ≤ 0 ∀(t, x) ∈]0, T [×K,

−(u∗)t(t, x) + H(x, (u∗)x(t, x)) ≥ 0 ∀(t, x) ∈]0, T [×K,
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∀x ∈ ∂K, ∃a ∈ A, f(x, a).η(x) > 0,
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lim inf (tn,xn)→(T−,x)
xn∈
◦
K
v(tn, xn) = ϕ(x), ∀x ∈ K,
lim inf (tn,xn)→(0+,x)
xn∈K
v(tn, xn) = v(0, x), ∀x ∈ K,
−pt + H(x, px) ≥ 0, ∀(pt, px) ∈ D
−v(t, x), ∀(t, x) ∈]0, T [×∂K,
−pt + H(x, px) = 0, ∀(pt, px) ∈ D
−v(t, x), ∀(t, x) ∈]0, T [×
◦
K .
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